Abstract. An inverse electrocardiography problem for a different time moment is studied. The realistic 3D geometry of human torso and chest medium with piecewise constant electrical conductivity are considered. A numerical method for solving the inverse electrocardiography problem at a given time moment is suggested. Results of comparison of numerical solutions to the inverse electrocardiography problems for a clinical data on torso surface and a clinical measurement inside of heart are given.
Introduction
Cardiac arrhythmia is one of the important heart diseases. Success in the treatment of cardiac arrhythmia depends on the quality of diagnosis. Electrophysiological study (EPS) of the heart is the main method for diagnosis of cardiac arrhythmia and for localization of arrhythmogenic substrates [8] . Invasive EPS is based on direct recording of electrocardiograms at the internal (endocardial) surface of the heart and requires detectors to be inserted into the heart chambers [9] . Because of invasive character, this procedure is not safe and should be performed within the framework of surgical or intervention treatment. As an alternative, development of a noninvasive method for EPS of the heart should provide electrophysiological information of the same diagnostic quality as invasive and would significantly increase safety and availability of accurate diagnosis of cardiac arrhythmia.
Noninvasive method for EPS is based on solution of an inverse electrocardiography problem [14] . As a rule the inverse electrocardiography problem consists in reconstructing the electric field potential on the external (epicardial) surface of 502 A. M. Denisov, E. V. Zakharov, A. V. Kalinin and V. V. Kalinin the heart from the potential measured on the chest surface. The heart electric field changes in the time, but not so quickly. So it is possible to consider this process as a quasi stationary. It means that one can solve inverse electrocardiography problems for one moment of time independently from other moments of time. It is very important to remark that the potential measurements on the chest surface for a different period of time corresponds to the electrical activity of a different part of the heart [8] . Hence one can determine which potential measurements on the chest surface correspond to the electrical activity of an atrium or a ventricles. This fact gives an ability to reconstruct potential not only on external (epicardial) surface of the heart, but on the heart region including a part of internal (endocardial) surface.
The main goal of this paper is to demonstrate the possibility of a numerical reconstruction of the electric field potential on the surface that is a boundary of a part of the heart, namely an atrium or ventricles. Also in this paper the inverse electrocardiography problem is considered for a mathematical model of a nonhomogeneous medium of human chest. Importance of this model for correct solving the inverse electrocardiography problem was shown in [6] . Now we describe a 3D domain where the inverse electrocardiography problem is solved (see Figure 1 ). Let be a bounded domain in R 3 with a closed outer boundary † and a closed inner boundary † h . The outer surface † is the union of two surfaces † 0 and † t . The inner surface † h bounds the part of the heart that is Numerical method for solving an inverse electrocardiography problem 503 interesting for us. The surface † t is the union of the upper and lower sections of the torso. The surface † 0 is the torso surface on which the electric field potential is measured. There are disjoint domains i , i D 1; 2, belonging . These domains are left and right lungs and the surfaces † i are boundaries of the lungs. Denote by 0 the domain n. 1 [ 2 /. The domain 0 is the human chest without part of the heart and the lungs. We assume that this part of human chest is homogeneous and its coefficient of the electrical conductivity is equal to 0 . On the other hand, the medium of the lungs is also homogeneous, but its coefficient of the electrical conductivity is quite different from 0 . Finally we assume, as usual, that the normal derivative of the electric field potential on the surface † 0 is equal to zero. Now we formulate the inverse electrocardiography problem for the fixed moment of time. Determine a function u.x/, x 2 , such that
Here u.x/ is the value of the electric field potential for the fixed moment of time, '.x/ is the given function, obtained from measurements for this moment of time, and 0 , are known positive constants. It is not difficult to see that the inverse electrocardiography problem (1.1)-(1.5) is a generalization of the Cauchy problem for the Laplace equation. The Cauchy problem for the Laplace equation and its generalizations were studied by many authors, see for example [1, 3, 4, 12, 13] . Numerical methods for solving the Cauchy problem for the Laplace equation were given in [2, 5, 7, 10, 11] . 
, where n is the outward unit normal to 0 and jx yj is the distance between the points x and y. Using equations (1.2) and (1.3), we have
, where the function
is given. Writing the third Green's identity for domains i , i D 1; 2, with boundaries † i , we have
where n is the inward unit normal to domains i . Using equations (2.3), (1.4) and (1.5), we obtain, for i D 1; 2, 
(2.6) By the same way we rewrite equations (2.4) as
for l D 1; 2. Now we consider a numerical method for approximate solving the system of the integral equations (2.5)-(2.7). Each surface † l , l D 0; 1; 2; 3, is approximated by a polygonal surface l , l D 0; 1; 2; 3, consisting of plane triangles (see Figure 2) . The boundary @ 0 is approximated by the surface
Introducing a unified numbering of the triangles on , we refer to each triangle as a boundary element k , k D 1; 2; : : : ; N , where N is the total number of triangles on . In each element k the nodal point x k , k D 1; 2; : : : ; N , is defined as the barycenter of k . Using the polygonal surface 0 , we calculate numerically the function .x/ and obtain its approximate values Q .x k / at the points x k .
We introduce a system of functions j .x/, j D 1; 2; : : : ; N , defined as
; x 2 j ; 0; x 2 n j : (2.8)
Let M l and P l , l D 0; 1; 2; 3, be numbers such that x j 2 l for M l 6 j 6 P l . Consider the following approximate representations for the functions v l .x/ and q l .x/:
Writing discrete analogues of equations (2.5)-(2.7) for each point x k , we have for
Substituting in these equations representations (2.8), (2.9), changing the order of integration and summation, we obtain
for M l 6 k 6 P l , l D 1; 2; 3, and
and H l;i , l D 0; 1; 2; 3, i D 1; 2; 3, be the matrices consisting of the elements
where M l 6 k 6 P l and M i 6 j 6 P i . Let G l;i , l D 0; 1; 2; 3, i D 1; 2; 3, be the matrices consisting of the elements
where M l 6 k 6 P l , M i 6 j 6 P i . Introduce the following vectors:
: : : ; Q .x P 0 / 2 '.x P 0 / T ; (2.13) 
Solving equations (2.18) for q 1 , q 2 and substituting the results into (2.17), we obtain the following system of matrix-vector equations:
where
Finding from (2.19) the vector v 3 , we obtain an approximate solution of our inverse problem. The system of linear algebraic equations (2.19) is ill-conditioned system. It is solved using the Tikhonov regularization method [15] 3 Numerical results and comparison with a clinical data Consider the results of some numerical experiments. In the first experiment, the above algorithm was used to solve the inverse electrocardiography problem with realistic geometry of the torso, heart, and lungs. The goal of the experiment was to validate a numerical reconstruction of the electrical field on a special geometry that is the region of heart including external (epicardial) and part of internal (endocardial) surfaces of a heart ventricles (see Figure 3a) . The geometry of the torso and lungs were obtained via computed tomography. To reconstruct the geometry of a heart ventricles, the volume model of the full heart obtained via computed tomography was segmented and the atrium part was cut off. The total number of boundary elements in polygonal approximation of geometry was 5042.
The simulation was performed according to the following scheme:
(i) The electrical field potential .x/ was specified on the surface † 3 u 0 .x/ D .x/; x 2 † 3 : (3.1)
(ii) This potential value .x/ was used to solve the mixed boundary value problem (1.1), (3.1), (1.3)-(1.5) and to calculate the potential '.x/ on † 0 .
